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Abstract. We study certain phase transitions of branching random walks (BRW) on 
Cayley graphs of free products. The aim of this paper is to compare the size and structural 
properties of the trace, i.e., the subgraph that consists of all edges and vertices that were 
visited by some particle, with those of the original Cayley graph. We investigate the 
phase when the growth parameter A is small enough such that the process survives but 
the trace is not the original graph. A first result is that the box-counting dimension 
of the boundary of the trace exists, is almost surely constant and equals the Hausdorff 
dimension which we denote by $(A). The main result states that the function $(A) has 
only one point of discontinuity which is at Ac = i? where R is the radius of convergence 
of the Green function of the underlying random walk. Furthermore, ${R) is bounded by 
one half the Hausdorff dimension of the boundary of the original Cayley graph and the 
behaviour of <l>(i?) — $(A) as A t is classified. 

In the case of free products of infinite groups the end-boundary can be decomposed 
into words of finite and words of infinite length. We prove the existence of a phase 
transition such that if A < Ac the end boundary of the trace consists only of infinite words 
and if A > Ac it also contains finite words. In the last case, the Hausdorff dimension of 
the set of ends (of the trace and the original graph) induced by finite words is strictly 
smaller than the one of the ends induced by infinite words. 

1. Introduction 

A branching random walk (BRW) is a growing cloud of particles that move on an underlying 
graph X in discrete time. The process starts with one particle in the root e of the graph. 
Then at each discrete time step a particle produces offspring particles according to some 
offspring distribution with mean A > 1, and then each descendent moves one step according 
to a random walk on X. Particles branch and move independently of the other particles 
and the history of the process. A first natural question is to ask whether the process 
eventually fills up the whole graph, that is, if every finite subset will eventually be occupied 
or free of particles. If the BRW visits the whole graph it is called recurrent and transient 
otherwise. As a consequence of Kesten's amenability criterion any BRW is recurrent on 
the Cayley graph of an amenable group. Furthermore, one observes a phase transition 
on non-amenable groups; there exists some Ac > 1 such that a BRW with A < Ac is 
transient, while it is recurrent otherwise. In the transient case the trace of the BRW, that 
is, the subgraph that consists of all edges and vertices that were visited by the BRW, is a 
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proper random subgraph of the original Cayley graph. Benjamini and Miiller [T] studied 
first general qualitative statements of the trace of BRW on groups. In particular, they 
proved exponential volume growth of the trace in general. However, their approach is 
rather qualitative and gives no quantitative results on the growth rate. In this article we 
study BRW on free products of groups and obtain a precise formula for the growth rate 
and dimensions of the end boundary of the trace. One motivation to study BRW on this 
class of structures lies mainly in the fact that they are among the simplest non-amenable 
groups. This makes them to a reference and starting point for more complicated non- 
amenable structures such as, for instance, groups with infinitely many ends or hyperbolic 
groups. Besides this, free products of groups are interesting on their own since they play 
an important role in some fields of algebraic topology and in Basse-Serre theory. 

The starting point of the present investigation of branching random walks was the work 
of Hueter and Lalley |13) . who studied BRW on homogeneous trees. We remark that in 
their setting and notation weak survival is equivalent to transience in our language. In 
the transient regime the BRW eventually vacates every finite subset and the particle trails 
converge to the geometric end boundary Q of the tree. The limit set A of the BRW is the 
random subset of the boundary that consists of all ends, where the BRW accumulates. By 
this we mean that each neighbourhood of an end in A is visited infinitely often by the 
process. Equivalently, we can define A as the geometric end boundary of the trace. 

Typical ways of measuring the size of boundaries are by use of the box-counting dimension 
(also known as Minkowski dimension) or the Hausdorff dimension. In |13) a formula for 
the Hausdorff dimension of A is given for BRW on homogeneous trees. In particular, it 
is shown there that the limit set has Hausdorff dimension no larger than one half the 
Hausdorff dimension of the entire boundary We extend these results to BRW on free 
products of groups. We prove existence of the box-counting dimension, show that the 
Hausdorff dimension equals the box-counting dimension and present a formula in terms of 
generating functions of the underlying random walk, see Theorem 13.51 In the same way 
we obtain a formula for the Hausdorff dimension of the whole space of ends, see Theorem 
13.81 This eventually leads to the result that the Hausdorff dimension of A is not larger 
than one half the Hausdorff dimension of the entire boundary. Another consequence of 
the formula of the Hausdorff dimension is that the dimension varies continuously in the 
subcritical regime, see Theorem 13.101 This affirms the conjecture made in [l] for general 
non-amenable groups that the Hausdorff dimension of the limit set is continuous for A 7^ Ac 
and discontinuous at Ac. As pointed out in |13] the very same phenomenon hold for other 
growth processes (e.g. hyperbolic branching Brownian motion, isotropic contact process on 
homogeneous trees) that exhibit a phase transition between weak and strong survival. 

In |13) the behaviour of the critical BRW on the free group was studied in more detail 
and two phenomena were observed. First, ^{R) = HD(il)/2 if and only if the underlying 
random walk is the simple random walk. This statement is not true for our more general 
setting since there are non-simple random walks that attain the maximal Hausdorff dimen- 
sion HD(i7)/2, see Remark 13. 121 together with Example 3.14. Second, it was shown in [13] 
that ^{R) - 4>(A) ~ CVR - A as A t -R- For free products of groups this behaviour turns 
out to be more subtle: ^{R) — *I'(A) may behave like C{R — A) or C\/R — A depending on 
whether the Green function is differentiable at its radius of convergence or not. 
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The very same phenomena were also studied in the continuous setting. Lalley and Sellke 
|18) studied the phase transition for branching Brownian motion on the hyperbohc disc 
and Karpelevich, Pechersky, and Suhov |14) generahzed these results to higher dimensional 
Lobachevsky spaces. Grigor'yan and Kelbert |Tl] studied recurrence and transience for 
branching diffusion processes on Riemannian manifolds. In Cammarota and Orsingher [3] 
first results on a "linear" growing system of particles on the hyperbolic disc are given. 

In the case of free products of groups T = Fi * . . . * F^, where at least one of the factors 
is infinite, another phase transition occurs. The boundary can be decomposed into up 
to r + 1 direct summands. For 1 < i < r, let rij denote the set of ends described by 
semi-infinite non-backtracking paths, which eventually stay in one copy of F^. The set r^oo 
consists of all ends described by infinite, non-backtracking paths that change the different 
copies of the free factors infinitely many times. Now, for all infinite Fj, Theorem 13. II gives 
a criterion whether A H fij 7^ almost surely. In particular, it states that there exists 
a critical value Aj such that A < Aj is equivalent to A n = almost surely. In other 
words, if we increase the growth parameter A then more and more different parts of the 
boundary appear in A. However, even if A n ilj 7^ 0, only the infinite words contribute to 
the Hausdorff dimension of A, see Corollary 13.71 

Finally, for the case of free products of finite groups we slightly adapt the metric defined 
on the boundary and get (following analogously the reasoning in |13) ) a simpler formula 
for the Hausdorff dimension of A, see Corollary 13.161 Analogously, we obtain a formula 
for the Hausdorff dimension of A if we have a BRW on free products by amalgamation of 
finite groups, see Corollary 13.181 In both cases the Hausdorff dimension can be expressed 
through a Perron-Frobenius eigenvalue. 

Let us remark that free products have been studied in great variety. Asymptotic behaviour 
of return probabilities of random walks on free products has been studied in many ways; e.g. 
Gerl and Woess [7], |24| . Sawyer |22| . Cartwright and Soardi |5], Lalley |16| . and Candellero 
and Gilch |4]. For free products of finite groups, Mairesse and Matheus |19| computed an 
explicit formula for the drift and asymptotic entropy. Gilch |9], |10| computed different 
formulas for the drift and also for the entropy for random walks on free products of graphs. 
Our proofs envolve in a very crucial way generating functions techniques for free products. 
These techniques were introduced independently and simultaneously by Cartwright and 
Soardi |5], Woess |24], Voiculescu |23| . and McLaughlin |20| . In particular, we show that 
the Hausdorff dimension can be computed as the solution of a functional equation in terms 
of double generating functions. 

The structure of the paper is as follows. In Section |2] we give an introduction to random 
walks on free products, generating functions, and branching random walks. In Section |3] 
we state our results and illustrate them with sample computations. The proofs are given 
in Section m 

2. Branching Random Walks on Free Products 

2.1. Free Products of Groups and Random Walks. Let X = {1, 2, . . . , r} be a finite 
index set. Suppose we are given finitely generated groups Fj, i G X, where each Fj is 
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Figure 1. Structure of the free product (Z/2Z) * (Z/3Z). 



generated by a symmetric generating set Si (that is, s £ Si imphes G Si) with identity 
ej. Let := \ {ej} for every i £ I and let := (Jjei^j^. The free product T := 
Fi * . . . * Fr is defined as the set 



That is, each element of F is a word xi . . . Xn such that each letter (also called block) Xi 
is a non-trivial element of one of the Fj's and two consecutive letters are not from the 
same free factor Fj; e denotes the empty word. We exclude the trivial cases where Fj is 
the trivial group and the case r = 2 = |Fi| = IF2I; see beginning of Subsection 12.21 for 
further remarks. The group operation on the free product F can be described as follows: 
if u = til . . . V = vi . . .Vn € F then uv stands for their concatenation as words with 
possible contractions and cancellations in the middle in order to get the form of (12. ip . 
For instance, if u = aba and v = aba with a,c S F^,6 S Fg and = ei,6^ 7^ 62, 
then uv = {aba){abc) = a{b'^)c. In particular, we set uei := u for all i G X and eu := u. 
Note that Fj C F and as a word in F is identified with e. The block length of a word 
u = ui . . . Um € F is given by ||n|| := m. Additionally, we set ||e|| := 0. The type t{u) of u 
is defined to be i if Um G F^^; we set T(e) := 0. 

To help visualizing the structure of a free product we may interpret the set F as the 
vertex set of its Cayley graph X (with respect to the generating set Ujgx'S'Oi which is 
constructed as follows: consider Cayley graphs Afi, . . . ,Xr of Fi, . . . ,F,. w.r.t. the (finite) 
symmetric generating sets Si, . . . , Sr', take copies of Xi, . . . , and glue them together at 
their identities to one single common vertex, which becomes e; inductively, at each vertex 
V = vi . . . Vk with Vk G Fj attach a copy of every Xj, j 7^ i, where v is identified with ej of 
the new copy of Xj; see Figure [1] The natural graph distance on X is also used for elements 
of F and we write l{u) for the graph distance or length of u G F to e. A geodesic of n is a 
shortest path from e to u. We remark that the length of an element may differ drastically 
from its block length. 

We construct in a natural way a random walk on F from some given random walks on 
its free factors. Suppose we are given (symmetric, finitely supported) probability measures 
Hi on Fj with (supp(/ij)) = Fj for each i € I. For x,y £ Fj, the corresponding single 




(2.1) 



BRANCHING RANDOM WALKS ON FREE PRODUCTS OF GROUPS 



5 



step transition probabilities of a random walk on Fj are given by pi{x,y) := ^i{x ^y) and 

the n-step transition probabilities are denoted by p["'\x,y) := fi[^\x~^y), where /i-"^ is 
the n-th convolution power of /Uj. Each of these random walks is irreducible. For sake of 
simplicity, we also assume /ii(ej) = for every i £ I. We lift fii to a probability measure 
fli on r by defining fli{x) := Hi{x), if x G Tj, and p,i{x) := otherwise. Let Oj > 0, i G X, 
with X^jgj — ^- We now obtain a new finitely supported probability measure on T given 
by 

The random walk on T starting at e, which is governed by fj,, is described by the sequence 
of random variables {Xn)n£No- For x,y £ T, the associated single and n-step transition 
probabilities are denoted by p{x,y) := ^{x~^y) and p^"'\x,y) := fi^^\x~^y), where /i^"'-' 
is the n-th convolution power of /i. The Cayley graph under consideration will always be 
with respect to the set of generators supp(/x) = |J-gjSupp(;Uj). We refer to Remark 13.111 
for a short discussion for the case of non- nearest neighbour random walks. 

2.2. Generating Functions. One key ingredient of the proofs is the study of the following 
generating functions. The most common among these generating functions are the Green 
functions related to /Uj and fi which are defined by 

Gi{xi,yi\z) ■.= '^p[''\xi,yi)z'' and G{x,y\z) := '^p^''\x,y) z"" , 

n>0 n>0 

where z € C, i £ I, Xi,yi G Fj and x,y G F. We note that the free product F is non- 
amenable and that the radius of convergence R of G{-, -{z) is strictly larger than 1; see 
e.g. |25| Thm. 10.10, Cor. 12.5]. In particular, this implies transience of our random walk 
on F. At this point let us remark that the case r = 2 = |Fi| = IF2I leads to a recurrent 
random walk (and therefore to a recurrent branching random walk), which is the reason 
why we excluded this case. Moreover, non-amenability of F yields G(e,e|i?) < 00; see e.g. 
|15| Proposition 2.1]. 

The first visit generating functions related to /ij and ^ are given by 

F,{x„y^\z) := P[y« = y„ Vm < n - 1 : y» / | fJ'^ = x,] and 

n>0 

F{x,y\z) := J^F[X„ = y,V?n < n - 1 : ^ y \ Xo = 

n>0 

where {'^n^)n£no describes a random walk on Fj governed by /ij. For M C F, we also define 
F{x, M\z) := ^F[Xn £ M,ym < n - I : Xm ^ M \ Xo = xjz"" 

n>0 

and the first return generating function 

U{x,M\z) := ^¥[Xn G M,V 1 < m < n - 1 : X„ ^ M | Xq = x] z". 

n>l 
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By a Harnack-type inequality the generating functions F{-, - {z) and U{-,-\z) have also radii 
of convergence of at least R > 1 and U{x,M\z) = F{x,M\z) if x ^ M. By transitivity, 
we have Gi{xi,Xi\z) = Gi{ei,ei\z) and G{x,x\z) = G{e,e\z) for all Xi G and x G T. For 
x E F \ {e}, we have 

G{e,e\z) > F{e,x\z)G{x,x\z)F{x,e\z); (2.2) 

indeed, while on the left hand side we take into account all paths from e to e, on the right 
hand side we only take into account all random walk paths from e to e which pass through 
x; therefore, strict inequality follows from irreducibility of the random walk which ensures 
always existence of random walk paths from e to e not passing through x . Symmetry of 
the /ij's now implies that F{e,x\z) < 1 for all \z\ < R and all x G F \ {e}. The last visit 
generating functions related to and /i are given by 

L,{xi,y,\z) := ^ P[y« = y^, VI < m < n : y« / | yj'^ = x,] and 

n>0 



L{x,y\z) := ^ P[X„ = VI < m < n : / x | Xq = x] 

n>0 



We have the following important equations, which follow by conditioning on the first visits 
of Ui and y, the last visits of Xj and x respectively: 

Gi{xi,yi\z) = Fi{xi,yi\z) ■ Gi{yi,yi\z) = Gi{xi,Xi\z) ■ Li{xi,yi\z), 

G{x,y\z) = F{x,y\z) ■ G{y,y\z) = G{x,x\z) ■ L{x,y\z). 

Thus, by transitivity we obtain 

F{x,y\z) = L{x,y\z) for any x,y £T and \z\ < R. (2.4) 

Let x,y,w £ T such that all (random walk) paths from x to u; pass through y. Then 

F{x,w\z) = F{x,y\z) ■ F{y,w\z) and L{x,w\z) = L{x,y\z) ■ L{y,w\z); (2.5) 

this can be checked by conditioning on the first/last visit of y when walking from x to w. 
For i G X and z £ C, we define the functions 

^i{z) :=[/(e,supp(/i,)|^) =U{e,Tf\z) = F(e, supp(^,)k) , (2-6) 

which have also radii of convergence of at least R > 1. We remark that ^j(l) < 1; see 
e.g. [H Lemma 2.3]. Moreover, we have F[xi,yi\z) = Fi(^Xi,yi\^i[z)^ and L{xi,yi\z) = 
Li[xi,yi\£,i{z)^ for all Xj,?/j G F^; see |25l Prop. 9.18c] and |9l Lemma 2.2]. Thus, by 
conditioning on the number of visits of e before finally making a step from e to F^^ we get 
the following formula: 

1 - EjGX\W Eser, oijfij{s)zFj{s,ej\Cj{z)) ' 

Finally, we define the following power series that will lead to a useful expression for the 
Hausdorff dimension. Let 

^(A|z):=^F(e,x|A)z'(-'), (2.8) 
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and define for i € I: 

J-+(A|z) := ^ F(e,x|A)z'W= ^ F,(ei,x|^,(A))z'(-), (2.9) 
T,{X\z) := E E F{e,x\X)z'(-^ =Tt{X\z)[l+ J] J", (A|z)) . (2.10) 

n>l x=xi...x„&: jeX\{i} 

The latter functions satisfy the following relation: 

^(A|z) = l + J]j:,(A|z). (2.11) 

2.3. Branching Random Walks. In this subsection we introduce discrete-time branch- 
ing random walks on free products and recall some basic results. 

There are two different main descriptions or constructions of a branching random walk 
(BRW). The first defines the process inductively as a growing cloud of particles moving in 
(discrete) time and space. The second, via tree-indexed random walks, uses the fact that 
the branching distribution does not depend on the space. For that reason one can separate 
branching and movement into two steps. First, one generates the whole genealogy of the 
process and then one maps the corresponding genealogical tree into the Cayley graph. 
In both cases we need the following definition. A Galton-Watson process is characterized 
through an offspring distribution v. This is a probability measure on N = {0, 1, 2, 3, ... } 
with mean (or also called growth parameter) A = X]^,>x ku{k) G (0,oo). We assume that 
1/ has finite second moment^ that is, ^j^-^i k"^ ^{k) < oo. Moreover we exclude the cases 
where z/(0) > and z^(l) = 1; this guarantees that the process survives almost surely and 
that the BRW is not reduced to a (non-branching) random walk. 

The BRW on T is defined inductively: at time we have one particle at e (if not mentioned 
otherwise). Between time n and n + 1 the process performs two steps: branching and 
movement. First, each particle, independently of all others and the previous history of the 
process, produces descendants according to u and dies. Second, each of these descendants, 
independently of all others and the past, moves to a neighbour vertex in T according to /i. 
A particle located at some vertex x € F at time n has a unique direct ancestor at time n—1. 
Consequently, each particle has a unique finite sequence of ancestors, the family history, 
which traces back to the original starting particle at e. The sequence of the locations of its 
ancestors (chronologically ordered) gives a path from e to x, which we call the trail of the 
particle. 

Sometimes it will be convenient to work with the interpretation of a BRW as a tree-indexed 
random walk, see [2]- Let T be a rooted infinite tree. The root is denoted by r and other 
vertices by v and let |t;| be the (graph) distance from v to the root r. The random walk on 
F indexed by T is the collection of F-valued random variables (3^)^^']- defined as follows. 
Label the edges of T with i.i.d. random variables r/„ with distribution /i; the random variable 

rjy is the label of the edge {v~ ,v). Define = e ■ nl=i Vvi where {vq = r,vi, . . . ,Vn = v) 
is the unique geodesic (also called ancestry of v) from r to u at level n. A tree-indexed 
random walk becomes a BRW if the underlying tree is a Galton-Watson tree induced by 



8 



ELISABETTA CANDELLERO, LORENZ A. GILCH AND SEBASTIAN MULLER 



u. We refer to T as the family tree and to X as the base graph of the BRW. Furthermore, 
a vertex f G T is called a particle of the BRW and 7^ denotes the vertices of T on level n 
or equivalently the particles in generation n. 

A useful variation of the first description of a BRW is the coloured branching random walk, 
see |13| . This process behaves like a standard BRW where in addition each particle is either 
blue or red. In order to define this coloured version we choose a subset M of F that plays 
the role of a "paint bucket". We start the BRW with one blue particle at e. Blue particles 
located outside of M produce blue offspring. A blue particle that hits the paint bucket is 
frozen there and will be replaced by a red particle. The new red particle starts an ordinary 
(red-coloured) branching random walk. As a consequence, every red particle has exactly 
one "frozen" ancestor in M. 

We denote by Zoq{M) G N U {00} the random number of frozen (blue) particles in M 
during the whole branching process. If M = {x} then we just write Zqq{x). 

For ease of presentation we will switch freely between the different definitions of a BRW; 
nevertheless it will always be clear from the context which description we are using. 

A BRW on a Cayley graph is called recurrent if each vertex is visited infinitely many times 
and transient if any finite subset is eventually free of particles. The recurrence/transience 
behaviour is well understood. In fact, we have the following classification in recurrence and 
transience, see [2] for the sub- and supercritical case and [6] for the critical case. We also 
refer to for the corresponding result in the continuous setting. 

Theorem 2.1. The BRW is transient if and only if X < R. 

Recall that in the language of |13| transience is equivalent to weak survival if A > 1. For the 
rest of this paper we will restrict our investigation to the case of transience or weak survival. 
Since in this case the process eventually vacates every finite subset of F almost surely the 
investigation of the convergence of the BRW to the geometric boundary is meaningful. 

2.4. Ends of Graphs, Box-Counting Dimension and HausdorfT Dimension. Let 

us first recall some basic notations on infinite graphs. Let Q be an infinite, connected, 
locally finite graph with countable vertex set and root e. For ease of presentation, we will 
identify ^ or a subgraph with its vertex set. A path of length n in ^ is a finite sequence of 
vertices [xq, xi, . . . , Xn] such that there is an edge from Xi-i to Xi for each i G {1, . . . , n}. 
Recall that a geodesic of a vertex x £ Q is a shortest path from e to a; in ^. A ray is a semi- 
infinite path [e = Xo,xi,X2, ■ ■ ■], which does not backtrack, that is, Xi 7^ Xj if i ^ j. Two 
rays rji and r]2 are equivalent if there is a third ray which shares infinitely many vertices 
with rji and r]2- An equivalence class of rays is called an end. The set of equivalence classes 
of rays is called the end boundary of Q, denoted by dQ. For further details we refer to 
[25| Section 21]. 

In the case of free products we have different types of ends occurring in the Cayley graph 
X of T: ends arising from ends in one of the Afj, and "infinite words". More precisely, 
denote by Qf'^ the set of ends of Afj . For LOi G ^f^^ , let rj = [ei,yi,y2, ■ ■ ■] G LOi and 
let X G F, where [xcXi, . . . ,Xn] is a geodesic from xq to x = x„. Then, the ray xrj : = 
[xq,xi, . . . , Xn,Xnyi,Xny2, • • • ] describes an end in F. The end described by xrj is denoted 
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by XLOi. We set Qi := |xa;j | a; € r,cjj G ^l'^^}- Moreover, the set of infinite words is given 
by 

^oo = {xiX2X3 ...e {T^)^ I xj G ^ xj+i ^ r^}. 

It is easy to see that the set Q of ends of X can be decomposed in the following way: 

= iloo w Oi tt) w • • • tt) r^r- 

Observe that is empty if and only if Fj is finite. Thus, if all groups Fj are finite then 

In order to measure the size of ft we define a metric on fi. We say that an end ui G is 
contained in a subset of the graph if all representatives have all but finitely many vertices 
in this subset. Now, if we remove from X any finite vertex subset F C (including the 
removal of edges to vertices in F) then there is exactly one connected component in the 
reduced graph X \ F containing the end wi. We call this component the wi-component 
and say that loi ends up in this component. Denote by := {x £ T \ l{x) < m} the 
ball centered at e with radius m; we also set B-i := 0. Let UJ2 £ ^ he another end with 
cji ^ UJ2- Obviously, there is some maximal m G Nq such that ivi and UJ2 end up in the 
same connected component of X \ Bm-i- We write c{uJi,U!2) for this maximal integer m. 
We now define a metric on Q by 

where a G (0,1) is arbitrary, but fixed. Additionally, we set (iQ(wi,a;i) := 0. The ball 
B{oj, e) centered at w G with radius e > is given by all ends tD G ^2 with dQ{uj, uj) < e. 
In other words, if e = a™ then uj G B{uj,e) if and only if lo and uj end up in the same 
component of A' \ Bm-i- 

A cover of a subset 0' C is a finite or countable set of balls of the form B[uj,£^) with 
a; G 0' and e^^^ > such that the union of these balls include Vt' . For any e > let N^{Q') 
be the minimal number of balls of the form B{uj,ei^) with uj G Vi' and < e^j < e, which 
cover il'. Apparently, N^{Vt') is bounded from above by the number of elements in F at 
graph distance m = [log(e)/ log(a)] . The lower and upper box-counting dimension (also 
called Minkowski dimension) of Q' are defined as 

BD(1^'):= liminf i^^MT) and BD(1^') := Hmsup ^^^M^. (2.12) 

elo -loge elo -loge 

If both limits are equal then the common value is called the box-counting dimension BD(r2') 
of 0'. 

Another well-known measure for the size of Q' is given by the Hausdorff dimension. For 
(5 > 0, the 6-dimensional Hausdorff measure of fi' is defined by 

ns{n') := liminf | {B{-,£i)}i is a cover of Q' with Ei < e}. 

Then the Hausdorff dimension of Q' is defined as 

HD(J]') := inf{(5 > 0| Hsin') = O). (2.13) 
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Since X has bounded vertex degrees we have HD(r2') < oo. It is well-known that, for all 

n' c n, 

HD(O') < BD(O')- 

One of our main goals is to investigate to which kind of ends the branching random walk 
converges and to compare the dimensions of the whole space of ends with the set of ends 
which are "hit" by the BRW. More precisely, for any u £ il, if we remove any finite vertex 
subset F <^ X then there is exactly one connected component in the reduced graph X \ F 
containing uj. We say that the branching random walk accumulates at the end u if for every 
finite vertex subset F C X there is at least one particle visiting the connected (xJ-component 
in X \ F. The set of accumulation points is denoted by A. If the BRW is recurrent then 
= A; thus, we restrict our investigation to the more interesting case of transience and 
therefore assume 1 < A < ii. Note that A H r^oo is almost surely non-empty; each infinite 
ancestry line converges to some element in gig2 - ■ ■ S r^oo with convergence in the sense that 
the length of the common prefix of the particle's location and gig2 ■ ■ ■ tends to infinity, see 
e.g. in Proposition 2.5]. We remark also that the Hausdorff dimensions of A and A n r^oo 
are almost surely constant, which can be shown analogously as explained in |131 Sec. 1, 
Remark (C)]. 

3. Results 

In this section we summarize our results about branching random walks on free products 
and present several explicit examples. 

3.1. Main Results. The first result describes how the structure of A gets richer when 
increasing the growth parameter A and that there are up to r = |X| possible phase transi- 
tions. 

Theorem 3.1. Let A e {l,R]. Then P[Anai / 0] G {0, 1}, andF[Anni 7^ 0] = 1 if and 

only if > 1. More precisely: 

(1) //^i(A) < 1 then C A C Q^. 

(2) If£,i{X) > 1 then C J^o^ n A C A with kr\9.i / and |An = 00. 

Remark 3.2. In the case where one of the free factors is an infinite amenable group 
its ends do not appear in A. In other words, if Ri = 1 is the radius of convergence of 
Gii&i,Gi\z) then ^i(A) < 1 for all A G see |25| Lemma 17.1a]. Consequently, no ends 

in Qi contribute to A, that is, A n = almost surely. 

We illustrate the above described behaviour in the following two examples: 

Example 3.3: Consider F = Z'^i * Z'^^ and let //i and fj,2 be two symmetric probability 
measures on Z'^^ and Z'^^. Due to Kesten's amenability criterion we have Ri = R2 = 1. 
Consequently, A C almost surely for all X < R. 

Example 3.4: Consider F = Fi * F2, where Fi and F2 are non-amenable groups, and let 
Hi define a symmetric random walk on F, for i G {1,2}. Due to the non-amenability we 
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have that i?2 > 1 ^-nd Gj(ej, ej|i2j) < oo. In the case where 

Ri Gi(ei,ei|i?i) 



ai 



Ri Gi(ei,ei|i?i)+i?2 ^2(62, e2|i?2) 

we obtain by |25| Lemma 17.1] that S,i{R) , £,2iR) > 1- Therefore, there are numbers 
Ai, A2 G {^,R) with |i(Ai) = ^2(A2) = 1 which leads to phase transitions at Ai and A2. 

Now we state our first main result. 

Theorem 3.5. Suppose that v has finite second moment. Then the box-counting dimen- 
sion of A, An r^oo respectively, exists and equals the Hausdorff dimension of A, An f^oo 
respectively. Furthermore: 

BD(A) = BD(A n n^c) = HD(A) = HD(A n n^o) = ij^^i^, 

log a 

where z* is the smallest real positive number with 

Remark 3.6. The proof of Theorem \3.5\ directly applies to BRW on free products of fi- 
nite graphs and a corresponding result holds verbatim; see e.g. |25| Sec. 9.C] for a formal 
definition of general free products and random walks on them. 

As a first consequence we obtain that only infinite words contribute to the dimension of A. 
Corollary 3.7. For i G I, HD(A n Qi) < HD(A n n^). 

For i G X, m E N and z £ C, we define Si{m) := |{x G Tj | l{x) = m}| and 



St{z) := S,{m) 



z^. 



m>l 



Analogously to Theorem 13. 5| we can prove existence of the box-counting dimension of the 
whole boundary J7 and express the dimension as the solution of a functional equation. 



Theorem 3.8. The box-counting dimensions of Vt and iloo exist and satisfy 
BD{Q) = BD(J]oo) = HD(J7) = HD(Jloo 



log 2^ 



log a 

where z^ is the smallest real positive number with 

Analogously to Corollary 13 .71 we obtain that the Hausdorff dimension of il. arises only from 
the ends in floo- 

Corollary 3.9. For all i G I, HD(J]i) < HD(Jloo)- 
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Beyond these first consequences of Theorems 13. 51 and 13. 8| the expressions for the Hausdorff 
dimensions allow us to study first regularity properties. For any fixed free product T, let 
us consider the function 



which assigns to every value A the Hausdorff dimension of A of a BRW with growth 
parameter A. The limit case A = 1 corresponds to the degenerate case of a non-branching 
random walk; in this case the Hausdorff dimension is just zero. 

Theorem 3.10. The function <I>(A) has the following properties: 

(1) $(A) is strictly increasing on [l,R], ^{l) = and <J>(A) = HD(r2) for all X > R. 

(2) $(A) is continuous in [l,oo) \ {R} and continuous from the left at X = R with 



for a suitable constant Ci, C2 respectively. 

Remark 3.11. The last theorem states that HD(A) does not exceed HD(il)/2 unless the 
BRW is recurrent. We always assumed the random walk to be of nearest neighbour type. 
However, we feel confident that our techniques work well in the case of finite range ran- 
dom walks and that the equality HD(A) < HD(r2)/2 does not depend on the choice of the 
metric. This type of phenomenon was already conjectured for the contact process on the 
homogeneous tree in |17) . We also refer to Section 8 in |T8] for a discussion how the value 
1/2 can be explained through the "backs cattering principle". 

Remark 3.12. In [13] it was shown that HD(A) = HD(r2)/2 only if X = R and if the 

underlying walk is a simple random walk. In our more general setting this is no longer 
true, since the maximal Hausdorff dimension can also be attained by a non-simple random 
walk, see Example 3.14- More generally, we conjecture that one has maximal dimension 
for the BRW (with A being the critical growth value) for every choice of ai G (0, 1) if we 
consider a general free product F = Fi * r2 with /ii and ^2 governing positive recurrent 
random walks on the single factors Fi and F2. 

Remark 3.13. Recall that we always assume that the random walk on F is symmetric. 
This assumption can be dropped for free products of finite groups /graphs. In this case we 
always have the crucial property F{e, x\R) < 1 for all x £T \ {e} (compare with /i2. ^) ). In 
fact, if x = xi . . . Xm S F \ {e} then 



$ : [1,00) ^ M : A HD(A) 




(3) <^(A) has the following behaviour as A t R' 




m 



F{e,xi. . .Xm\R) = JjF^(j,^.)(e^(a;^,),Xj | < 1 

as ii{R) < 1 due to |25l Lemma 17.1, Theorem 9.22]. 
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Figure 2. Hausdorff dimension HD(A) of a BRW on (Z/3Z) * (Z/2Z) in 
dependence of A on the x-axis 

Theorem 13.51 allows explicit calculations in all cases where formulas for the involved gen- 
erating functions are known. In the following examples we set the exponent of the metric 
on 0, equal to 1/2, i.e., •) = 2~'^^'''\ 

Example 3.14: Consider the free product T = Ti * Ta = (Z/3Z) * (Z/2Z), where Z/3Z = 
{ei,a, a^}, with supp(^i) = {a,a^}. The required generating functions F{e,x\X), x G T^, 
may e.g. be obtained by solving the finite systems of equations given in |24| Prop. 3c], 
and therefore HD(A) can be computed via Equation (|3.ip . Solving Equation (|3.2p leads to 
HD(r2) = 1/2. Figure [2] shows - with the help of numerical computation by Mathematica 
- the graph of the function A i— )■ HD(A) for simple random walk on (Z/3Z) * (Z/2Z). Let 
us remark that in this case the critical parameter R can be explicitely calculated by the 
formula given in |25l (9. 29), (3)]. 

Another interesting phenomenon occurs in this example. If fii{a) = /ii(a^) = 1/2 and if we 
let ai vary in the interval (0, 1) and denote by R{ai) the radius of convergence of G{e, e\z) 
in dependence of ai then we always get <I>(i2(ai)) = |HD(r2), which can be verified by 
explicit calculations with the help of MATHEMATICA. 

Example 3.15: We consider the free product of two infinite "ladders" Z x (Z/2Z). We 
set ai = a2 = 1/2 and /ii((±l,0)) = w((0,l)) = ^2 ((±1,0)) = M2((0,l)) = 1/3. The 
functions Fi((0,0), (z, a)\z) with (z, a) G Z x Z/2Z can be computed by solving a system of 
equations as it is shown in |10| Section 7.2]. In order to compute the Hausdorff dimension 
of A one has to solve, analogously to |9l Section 6.2]: 

A gi(A) 
2A-6(A) 

6(A) 

l,0)|6(A))+Fi((0,0),(0,l)|ei(A)))' 

3 and Si{m) = 4 for m > 2. Hence, 
\/5 — 2. Numerical evaluations then 

3.2. Free Products of Finite Groups. In this subsection we give a more explicit formula 
for the box-counting dimension with respect to a slightly changed metric on the boundary 



l-^^{F^ ((0, 0), (1, 0)16 (A)) + Fi ((0, 0), (- 

In order to compute HD(J7) we observe that S'i(l) = 
S+{z) = S^{z) = ^z + 4^2/(1 - z). This yields 4 = 
lead to a picture qualitatively similar to Figure |2] 



14 



ELISABETTA CANDELLERO, LORENZ A. GILCH AND SEBASTIAN MULLER 



in the case of free products of finite groups. In this case we have Q = fioo- Throughout 
the whole subsection we do not need the assumption that the /ij's are symmetric. For any 
oji = X1X2 . . . ,0J2 = 2/12/2 • • • G f^oo with coi 7^ a;2, we define the confluent uji /\UJ2 of wi and 
L02 as the word xi . . . of maximal length with Xi = yi for all 1 < i < A;. If xi ^ yi, then 
LOi A UJ2 ■= e. The metric on the boundary iloo is defined by 

for any arbitrary but fixed a G (0, 1). With respect to this metric on we can define 
analogously to (|2.12p and (|2.13p the upper box-counting dimension BD^°(il'), the box- 
counting dimension BD^'^Q') and the Hausdorff dimension RB^^{n') for any Q' C n^. 
We set T^{X) := J-^{X\1) and define the matrix M = {m{i,j)^..^j- by 



m(z,j) := 



J-+(A), ifi/j, 
0, if i = j. 



Since M is irreducible and has non-negative entries, the Perron-Frobenius eigenvalue exists 
and is denoted by 9. 

Furthermore, define the matrix D = (d{i,j)^^.^j^ by d{i,j) := iFj] — 1, if i 7^ j, and 
di,i ■= 0, and denote by g its Perron-Frobenius eigenvalue. With this notation we get: 

Corollary 3.16. 

BDfi°(A) = HD'^'^(A) = and BD^"(0) = HD^'^fO) = -J^. 

log a log a 

□ 



Let us remark that, in the case of F = Fi * r2 with |Fi| = IF2I < 00, we get the following 
explicit formulas for the dimensions: 



logo 



iogJ{\ri\-i){\T2\-i) 

BDfi°(!^) = HD*^°(17) = ^ 



log Q 



Example 3.17: Consider F = (Z/3Z) * (Z/2Z), where Z/3Z = {ei,a,a'^} and Z/2Z = 
{62,6}. We choose ^f(a) = p £ (0.1,0.7), /^(a^) = q £ (0,0.9 - p) and fi{b) = 1 - p - q. 
We set a := 1/2 and A = 1.005. Let us note that this choice of the parameters p and 
q lead to i? > 1.005, which can be verified by numerical evaluation. For instance, in [8l 
Section 3.6.1] the required generating functions are computed. In Figure [3] we can see the 
behaviour of HD'^"(A) with A = 1.005 in dependence of the parameters p and q. The 
Hausdorff dimension of the whole space of ends is 0.5; compare with Example 3.14. 
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Figure 3. Hausdorff dimension HD(A) of the branching random walk on 
(Z/3Z) * (Z/2Z) with A = 1.005 in dependence of p and q. 

3.3. Free Products by Amalgamation of Finite Groups. An important generahza- 
tion of free products are free products by amalgamation (of finite groups). Let Ti, . . . ,Tr, H , 
be finite groups such that each group Fj contains a subgroup Hi that is isomorphic to H. 
Let (pi : Hi ^ H he an isomorphism for each i G {1, . . . ,r}. Moreover, let Si be a gener- 
ating set of Ti and Ri its relations. The free product by amalgamation with respect to the 
subgroup H is defined by 

Th ■= Fi *H^2*H •• • *H Fr 

:= {Si,. ..,Sr\Ri,.. . ,Rn,(pJ^i(piia)) = a\/a€ Hi Mi,j G Z). 

For i € I, the quotient Ti/Hi consists of all left co-sets of the form XjiJj = {xih \ h G Hi}, 
where Xi € Fj. We fix a set of representatives TZi := {gi^i = Ci, gi^2, ■ ■ ■ , 9i,ni} for the 
elements of Ti/Hi, that is, for each yi S Fj there is a unique ^ G TZi with yi € gi^^Hi. We 
write f{x) = i if x £ TZi \ {cj}. The amalgam Th consists of all finite words of the form 

X1X2 ■ ■ ■ Xnh (3.3) 

with n G No, Xj G IJj^x'^j \ {^ii h £ H such that f{xi) 7^ -f(xj+i). Here w.l.o.g. we 
may identify h with (/>^^(/i), and e denotes again the empty word. Let be the set of all 

ends of Th, which consists of all infinite words of the form W1W2 . . . G I (Jiei \ {^i) ) 
such that f[wi) 7^ ■f{wij^i) for all i G N. For any loi = X1X2 . . . ,lo2 = yiy2 ... G 17 with 
uji 7^ 1^2) we define again the confluent uoi A of loi and (x>2 as the word xi...Xk of 
maximal length with Xi = yi for all 1 < i < fc. If xi 7^ yi, then ooi A (x>2 := e. Again we can 
define a metric on the boundary VL: 

d[f)(^i,^2) :=all-^^-^ll 

for any a G (0, 1). With respect to this metric on we can define analogously to (I2.12p 
and (|2.13p the upper box-counting dimension BD^^^(r2'), the box-counting dimension 
BD(^)(0') and Hausdorff dimension HD(^)(17') for any C 
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Suppose we are given symmetric probability measures ^Uj on the groups Fj and numbers 
> such that Yliex'^i ~ '^^^ random walk on Th is then governed by 



aifii{x), if X eTi \ Hi, 

T,^eI'^i^^ii^i'^(Mx))), if X e Hi, 
0, otherwise. 



For gi £ TZi, denote by Tg.fj the stopping time of the first visit of the set giHi. We introduce 
the following generating functions: 

Fnighlz) :=Y,^[T,H = n,Xn = gh\Xo = e] z^, 

n>0 

where g £ UiGX^Ai^i}' ^ ^ z £ C By symmetry of the /Uj's, we have FH{gh\z) < 

F{e,gh\z) < 1; compare with ( 12. 2p . Conditioning on the first step of the random walk, we 
get 

FH{gh\z) = K9h)z + Ylgo€T,^^^\gH,^^^f^i9o)zFH{go^gh\z)+ 

'Eiex\{r{g)} Egoer, m(5o)z EhoeH, FH{go^ho\z)FH{hQ^gh\z). 

Since there are only finitely many functions Fh{-\z), one can compute Fh{-\z) by solving 
the finite system of quadratic equations (13. 4p . We define also 

g&'R-Alei}, 

and the matrix = (^n{i,j)).j^j- with entries 

[0, if« = J. 

We denote by 9h the Perron-Frobenius eigenvalue of A^. Furthermore, we denote by qh 
the Perron-Frobenius eigenvalue of the matrix Dh = (^dnii, j)) ■ j^-j-^ which is defined by 



[T,:H,]-1, if i^j, 
ifi = j. 

Finally, we can state the following formulas for the dimensions: 

Corollary 3.18. 

BDW(A) = HD(^)(A) = -i^ and BD(^)(17) = HD(^)(J7) = -i^. 

log a log a 

Example 3.19: Consider the amalgam (Z/6Z) *^/2Z (^/6Z)- Hence, let Ti = {a \ = ei), 
T2 = {b \ = 62), and H = {c\ = en), where en is the identity in H. The isomorphisms 
are defined through 01(0^) = c = </)2(6^). Eventually, 

(Z/6Z) *z/2Z (Z/6Z) = {a,b\a^ = b^ = e, = b^). 
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We set fii{a) = lJ,i{a^) = /^2(^) = /^2(^^) = 1/2, ai = 02 = 1/2 and consider the distance 
with base a = 1/2. The system (13. 4p becomes then 

FH{a\z) = ^ + ^FH{a^\z) + ^{FH{a\zf +FH{a^\zf), 

Fnia^lz) = ^FH{a\z) + ^{FH{a\z)FH{a^\z) + FH{a^\z)FH{a\z)). 

Observe that Fj{{a\z) = F^ia^lz) and Ff^{a'^\z) = F^^a'^lz). The Hausdorff dimension of 
the branching random walk is then given by 

^ log{2FH{a\X) + 2FH{a'\X)) 
^ ^ log2 

while HD^^^(r2) = 1. The behaviour of HD'-^^(A) in function of A is qualitatively the same 
as in Figure |2] 

4. Proofs 

4.1. Proof of Theorem 13.11 We first introduce some preliminary results on BRW. Using 
the description of a tree-indexed random walk it is easy to see that the distribution of the 
location of some particle in generation n has the same distribution as the location of a 
(non-branching) random walk on F after n steps, see |2]. 

Lemma 4.1. Let v £T with \v\ = n for some n> 1. Then, 

F[S, = y] = P[Xn = y] = ^t(^\y). 

The following lemma will be used several times in our proofs. It gives a formula for the 
expected number of elements frozen in a set M, in the coloured branching random walk. 
This observation can be found for example in |21) or |13| Lemma 1]. Nevertheless, we give 
a short proof since it is one of the essential points where the generating function F{-, - {z) 
intervenes. 

Lemma 4.2. For any M C F, we have E[Z^{M)] = F{e,M\X). 

Proof. For any v £ T, let {vq = r,vi, . . . , = v) be the unique geodesic from r to v. 
Now, we define for any n G N 

-pj.(n) ._ / 1' V £ M and Vi ^ M \fi < n - 1, 
^ ' \ 0, otherwise. 

(n) 

In words, FrJ, is the number of particles being frozen in v at time n. Using the well-known 
fact that i?[|7^|] = A" we obtain 



[J^FrW] = Y.^[Y,FTi-^\\rn\ = k\nrn\ = k] 



veTn k>l VGTn 

= ^^[Xn e M,V m<n-l: Xm(j^ M] A:P[|7;| = k] 

k>l 

= P[X„ G M, V m < n - 1 : X„ ^ Al] A". 
Summing over n finishes the proof. □ 
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The proof of Theorem 13.11 sphts up into the proofs of the following Propositions 14. 3| 14.41 
and 1131 

Recall from the definition of Jlj"'' and 17 j that Jl^*^^ ^ ^ 17. 

Proposition 4.3. Ends of^lf'^ occur in A with positive probability if and only «/^i(A) > 1, 
that is, P[A n nf' / 0] > i/ and only if Ci{X) > 1. 

Proof. It is convenient to work with the coloured branching random walk. In fact, the idea 
of the proof is to define an embedded Galton-Watson process that counts the number of 
particles that hit Fj, where ^i(A) will be the growth parameter. 

We start the BRW with one particle in e = e^. The first generation of the branching process 
is formed by those particles that are frozen in Tf . Let us check that the number of those 
particles is almost surely finite. Since fi has finite support every particle visiting has to 
pass through supp(/Ui). Hence, Zoo{Tf) = Zoo(supp(/.ii)), which is almost surely finite since 
the BRW is transient. The second generation of the branching process is constructed as 
follows. For each particle frozen in some x G F^^ we start a new BRW where each particle 
when reaching Fj \ {x} is frozen. Now, the second generation of the branching process 
consists of all these new frozen particles. Further generations are constructed inductively in 
the same way. Let ipn be the number of particles of this process at generation n. Obviously, 
(V'n)n>o turns out to be a Galton-Watson process with mean 



Hence, this Galton-Watson process survives with positive probability if and only if ^i(A) > 
1; see e.g. |12| Theorem 6.1]. As a consequence, we have that Fj is visited infinitely many 

times with positive probability if ^i(A) > 1. That is, P[A n nf^ / 0] > if ^i(A) > 1. On 
the other hand, ^i(A) < 1 implies that Fj is almost surely visited only for a finite number 



The next step is to show |A n = oo if ^i(A) > 1. 

Proposition 4.4. If ^i{X) > 1 then there are almost surely infinitely many cosets xTi, 
where the branching random walk accumulates. That is, the set 



is almost surely infinite. 

Proof. We construct the family tree T of the BRW with branching distribution v in the 
following way. We start with one geodesic line Vqo = (r,fi,i'2, ■ ■ ■) and attach to each of 
the vertices independent copies of Galton-Watson trees where the distribution of the first 
generation is z>(A;) = v[k + 1) for A; > and v for the other generations. The trajectory 
along f oo has the same distribution as a non-branching random walk, compare with Lemma 
14.11 Hence, 5"^,^ converges almost surely to a random infinite word Qoo = 5152 • • • G ^00 as 
n — 7- 00; here we mean convergence in the sense that the block length of the common prefix 
of the location of S^^ and g^o tends to infinity. Moreover, we define the random indices 
ni := min{m € N | gm G Fj}, and recursively Uk '■= min{m G N | m > nk-i^Qm £ Tj}. 



mj = E[Zoo(supp(^j))] = F(e,supp(/ij)|A) = 




□ 



{x (^T\t{x) ^i,xnf^ r\K^^] 
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Note that these indices are almost surely finite; see e.g. |21 Section 7.1]. Denote by 
the first vertex in Voo with Vk = Qi ■ ■ ■ gn^ ■ Let be the set of offspring of Vk = Vg 
different from v^+i and denote by Ay the set of accumulation points of the descendants 

of some V ^ T. Moreover, we define Aj^ as the event that A^, n Sy^l.f'^ 7^ for some 
V G Bk with t{v) = i. Observe that the events Ak are i.i.d. since transitivity yields 

P[A^ n S^nf^ / 0] = F[An of ^ / 0] for every veT. Now, due to Proposition Upland the 
fact that 

P[Bk / 0, 37; G Bfc : T{Sy) =i] = (1 - 1/(1)) • F[v G B^ : r(5,) = i | S,. / 0] 

> (1 - 1/(1)) • a, > 

we have > c for all k and some c > 0. Eventually, the Lemma of Borel-Cantelli 

yields that an infinite number of A^'s occurs almost surely. □ 

It remains to treat the critical and subcritical case ^i(A) < 1 in order to complete the proof 
of Theorem 13.11 

Proposition 4.5. If £,i{X) < 1 then P[A n / 0] = 0. 

Proof. Due to Proposition 14.31 we have that P [A n xf^f ^ 7^ 0] = for all 2; G F: indeed, 
each X G r is almost surely visited finitely often; each particle, which hits x, starts its 
own branching random walk at x and each of these branching random walk hits xfif ^ only 
finitely often with probability one. Since 

An!^i= 1+J (Anxnf^) 

we conclude 

p[AnJ7i/0]= iP[AnxflfV 0] = 0. 

xer:T(x)^i 

□ 

4.2. Proof of Theorem 13.51 and Corollary 13.71 First, we show that the proposed 
formula for the dimension is an upper bound for the upper box-counting dimension; see 
Proposition 14.91 in Subsection 14.2.11 In the second step we show that the proposed formula 
is also a lower bound for the Hausdorff dimension of A; see Corollary 14.141 in Subsection 
14.2.21 Finally, this will imply the proof of Theorem 13.51 and Corollary 13.71 

4.2.1. Upper Bound for the Box-Counting Dimension. In this part we show that log z* /log a 
is an upper bound for BD(A). To this end we introduce the following notation: for n G N, 
we denote by 

:= {x G F| / (x) = n, X is visited by the branching random walk} 

the set of visited sites at graph distance n. An important observation is that for each end 
a; G A and every m G N, the branching random walk has to visit at least one vertex 
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Xw G 'Hrm where x^^ is in the w-component oi X\ Bm~i- Thus, 

AC 1^ jtj € 17 I X Hes in the w-component oi X \ Bm~i}- 

This impHes that A can be covered by \1-Lm\ balls of radius a™. Our strategy for the 
upper bound is to study the limit behaviour of ElT^ml^/™ first and then the resulting limit 
behaviour of \'Hm\^^^ as m — ?• oo; see Lemma [4.81 This will eventually lead to the proposed 
upper bound for BD(A); see Proposition 14.91 



Observe that x G T-Lm if and only if Zoo{x) > 1. Therefore, by Lemma [4. 2 1 

x£T:l{x)=m x£r:l{x)=Tn 

We have that Hm+n ^ HmHn and hence Fekete's lemma implies that lim„_j.oo Hm"^ exists. 
Recall the definitions of T{X\z) = Em,>o^rn.^™' J'tiMz) and J^,(A|z) in (|23|), (I2J| and 
(i2TT0]) . Due to (i2?TT]) we get the equation 

J^,{X\z) = T+{X\z){J^{X\z) - J^i{X\z)), 

or equivalently 
Hence, 



T{X\z) = 1 + Yt,{X\z) = 1 + T{X\z) Y - 
or equivalently 



This equation holds for every z G C with \z\ < R{J-), where R{J-) is the radius of conver- 
gence of T[X\z). Since 

1 < lim F^/™ = l/R{F), 

m— >oo 

we have 

R{F) < 1. (4.2) 

In order to determine R{J') we have to find - by Pringsheim's Theorem - the smallest 
singularity point on the positive x-axis of T{X\z). This smallest singularity point is either 
one of the radii of convergence R{F^) of the functions F^{X\z) or the smallest real positive 
number z* with 

V ^^'f > =1. (4,3) 

The next two lemmas imply that in fact R{J') = z* . 
Lemma 4.6. R{T) G (0, 1) 
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Proof. The fact that R{J-) > follows from the fact that the Cayley graph grows 
not faster than exponentially. To see that R{J~) < 1 recall that Equation (12. 3p states 
that the generating functions F{e,x\z) and G{e,x\z) are comparable, i.e., G{e,x\\) = 
-F(e, x| A)G(e, e|A). Hence, for some C > we have for all m E N that 

F{e,x\X)>C Yl Gie,x\\). 

x:l{x)<m x:l{x)<m 

The sum on the right hand side is the expected number of visits of the BRW in the ball 
Bm, the set of vertices x £ T with l{x) < m. As we assumed the random walk to be of 
nearest neighbour type all particles up to generation m must be contained in the ball Bm- 
The expected population size at time m is just A™ which eventually implies that H^n grows 
exponentially fast, since liuim^oo Hm"^ exists and is at least 1. 

□ 

Lemma 4.7. For all i G I, R{F) = z* < 

Proof. Let us first consider the case Ci(A) < 1, where we obtain 
■^^(A|l) = E.err^4e„x|C.(A)) 

= o,(eJ|,.(A)) ExerM-^^-m)-^ (4.4) 

= — 7 V - 1 < OO. 

Hence, ^i(A) < 1 implies R{F^) > 1 > R{J-). In the case of ^i(A) > 1 the claim follows 
from the following inequality: 

— — -=limsup V F(e,x|A) > limsup V i^(e,x|A) = (4.5) 

l{x)=n l{x)=n 

In order to prove (14. Sp we define for n G N 

an ■■= log Y F{e,x\X). 

xeTi: 
l(x)=n 

We have that > since 

Y F{e,x\\)= Y ^i(ei,a;|6(A)) > Yl Fi{ei,x\l) >F[Ts,(^n) < oo] = 1, 

l{x)=n l(x)=n l{x)=n 

where Si{n) := {x G Ti | l{x) = n} and Tj\/ is the stopping time for the random walk 
on Ti (governed by ^i) of the first visit of a set M C Fi. Furthermore, (a„)„gN is a 



This short proof was suggested by the referee. 
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subadditive sequence, that is, Um. + CLn > am+n for all m, n G N. By Fekete's Lemma, the 
limit lim„_j.oo CLn/n exists and is equal to inf„gpj CLn/n, hence 

l{x)=n l{x)=n 



The last equation implies that 

l/n 

> — 

1 



/ \ ' 1 

^ F(e,x|A) >-^^=:q, Vn G N. 



'leEi 

l{x)=n 

Observe that X^a;gr2 Z(x)=i -^(^' ^1-^) — ^2(A). Then, for all ?i G N: 

n A: 

F{e,x\\) = E E n^(^'^il^) 

xGF: fc=l x=Xi...X(jSr: j = l 

l{x)=n l{x)=n 

[n/2\ k 

> E E 6(A)'^n^(^'^^i^) 

fc=l 2:i,...,XfeGri: j = l 

l{xi)+...l{xk)+k=n 

[n/2] 

> E E 9r6(A)gr6(A)gr---6(A)gre2(A) 

k=l ni,...,nj;gN: 

niH hn.fe+fc=n 

> E^i W( ). 

k=l ^ ^ 

In the last inequality the binomial coefficients arise as follows: we think of counting the 
number of possibilities of placing n — k (undistinguishable) balls into k urns, where each urn 
should at least contain one ball. We note that n — k — 2 > [n/2j — 1 for all k < [n/2\ — 1. 
Therefore, with the help of the Binomial theorem we obtain: 

K2J-1 



k=0 'ii \ / 

I — n 9l V / 9l 



k=0 

Taking n-th roots on both sides and letting n — t- oo yields 



liminff y F(e,x|A)V^" > — i— + > — (4.6) 



n—^oo 

xGE: 
l{x)=n 



□ 
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The next lemma gives an almost sure upper bound for \T-Lm\^^"^ as m — ?■ oo. Its proof is a 
straightforward application of Markov's Inequality and the Lemma of Borel-Cantelli. 

Lemma 4.8. ^ 

limsup I'Hml^''"* ^ — almost surely. 

Eventually, we obtain the desired upper box-counting dimension. 
Proposition 4.9. 

lose z* 

BD(A) < ^ 



log a 



Proof. Denote by N[d^) the number of balls of radius of at most a™ needed to cover A. 
Then, for any e > 0, N{a"^) < iTim] < + e)"* almost surely for sufficiently large m. 
Therefore, 

logiV(«™) \og{j,+er log(^ + e) 

BD(A)=limsup <limsup- — 



logo™ m^oo log a'" logQ 

Letting e — t- proves the claim. □ 

4.2.2. Lower Bound for Hausdorff Dimension. In this section we will show that log z* / log a 
is also a lower bound for the Hausdorff dimension of A. From this we may then conclude 
existence of the box-counting dimension since HD(A) < BD(A) < BD(A). The main idea 
of the proof follows |13) . This ide<fl is to construct a sequence of embedded Galton-Watson 
trees in the BRW such that the limit set A^-^ of the Galton-Watson trees are sub- 
sets of the limit set A, see Section 6.3 in [1^. As r goes to infinity we will have that 
HD[Kr^) — )• HD{X). This approximation property relies mainly on the facts that particles 
travel essentially along geodesies segments and that limit sets of multi-type Galton-Watson 
trees are well understood. Both facts hold still true for free products of finite groups and the 
proof of the lower bound is analogous to the one for free groups in |13) , albeit technically 
more involved. The case of infinite factors need some extra care, since in this case particles 
do not necessarily travel along geodesies and infinite-type Galton-Watson processes are 
not so easy to handle. To bypass these difficulties we approximate the infinite factors by 
increasing sequence of finite subgraphs. These subgraphs X^'^^ are the subgraphs induced 
by the balls Bi{d) := {y £ Ti \ l[y) < d},d > 1. Letting d — t- oo will give the optimal 
bound log z* / log a. 

We add an additional vertex f to the "tomb", such that all edges in Xi exiting Bi{d) 

now lead to the tomb. The random walk (Yn''^^^ ^k., on X^'^^ behaves like the random 
walk on Fj, with the exception that a particle leaving Bi{d) dies. We now build the free 
product Af^"^) fr om the X^^^ , whose vertices are given by the set 



I ^1 • • • ^ r 



n G N, X,- G IJ Xi""^ \ {eu \},Xj G xl''^ xj+i ^ X^^""^} U {e, f}, 



^In this section the parameter r is not identified witli \I\ but is used as a parameter of the Galton- 
Watson trees as in [13| . 
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where f symbolizes the tomb. We identify x G X^'^^ with the corresponding element in F. 
Analogously to Subsection 12.11 we lift the random walks on the graphs xj^'^^ to a random 
walk {^n'^)n£fiQ Af^'^) and define the associated BRW. We use the same notation (for 
Green functions, generating functions, etc.) as for the random walk on T itself but for 
reason of distinguishing we add superscripts "(c?)", that is, we write, e.g., G^'^\x,y\z) for 
the corresponding Green function of the random walk on All involved generating 

functions on X^'^^ have radii of convergence of at least R. 

For any x,y gT, we define x : y to be the set of vertices w GT such that there is a geodesic 
from X to y which passes through w. For u €T, d{u, x : y) is defined as the minimal distance 
w.r.t. the graph metric of u to any element of x : y. In the case of the coloured branching 
random walk on X^'^\ let Z^\y\x) be the overall number of blue particles arriving and 
freezing at y G X^^^ under the assumption that the branching random walk is started with 
one blue particle at x. For r G N, we write Z^]r{y\x) for the overall number of particles 

counted in Z^\y\x) whose trail remain within distance r to a geodesic from x to y. In 
other words, in all sites u with d{u, x : y) > r every blue particle is coloured red. In the 
following we set xq ■= x^^ for any x = xi . . . Xm G X^'^h The proofs of the two following 
lemmas are similar to the ones of Lemma 4 and Proposition 7 in |13j and are therefore 
omittedjl 



Lemma 4.10. 



j.^ .^^ mT=i^z^Zi^,...x,\x,...x,^,) \ vKx) ^ ^ 

^->°Ox'=xi...x„eA'W V EZ^\x\e) J 



For x G we define the event E^'^\x) that among the particles counted in Z^ {x\e) 

there is at least one particle whose trail has not entered F^ and enters the set 

{yG^('^)|/(y) = /(x)} 
first at X. Obviously, Z^^(x|e) > 1 on the event E^'^\x) and hence P [S^'^) (x)] < EZ^^(3;|e). 



Lemma 4.11. 



lim mm — , . =1. 

fc^ooV :.=^i...:.,„eA-(d): EZS, (x\e)J 



mgN,: 



'The reader may find aU the details in the arxiv.org version of this paper. 
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Analogously to and (ETTU]) . we define for i € X and d £ N 

n>lx=xi...Xr^eX'-'^'>: 
T{xi)=i 

= £p(A|z)(l+ E 4'^(A|^))- (4-7) 

iex\{»} 



Writing £('^)(A|z) := 1 + J2iel '^i g^* analogously to Equation (14. ip : 

1 



Since every function cf^^~^ {X\z) is convergent and strictly increasing for all z > there is 

some unique ^ > such that J2ieX ^i'^^'^ (M^d c)/ ~^ ^i^^^ i^l'^d c)) ~ '^^^ radius of 
convergence of C^'^\X\z) is then given by 

We define for /c G N 

SI := {xi...Xs G A'^'^) |s G N,/(x) = k,xi ^ Ti,Xs G Ti}. 

Since we excluded the case |X| = 2 = |ri| = |r2| we have that 7^ and 7^ 0. 
Therefore, 5^/0 for all 2 < G N. 

Lemma 4.12. 

/ X l/fc . 

limsup E ^[E^'^Hx)] =—■ 

Proof. By Lemma 14. IH we have ¥[E('^\x)] > (1 - e)^EZ^^(x|e) uniformly for all x with 
l{x) = k \i k \s large enough. Recall also ¥[E'^'^\x)] < EZ^^(x|e). Thus, it is sufficient to 
prove 



Since 



limsupf E 



a;G5* xeSl xG5* 



and 1 < GW(x,x|A) < G(x,x|A) = G(e,e|A) < 00 we have 

limsup E-^^'^He,2;| A) = limsup ( E lE^^^(2;|e)) . (4. 



^xG5* ^ xGS* 
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To determine the left-hand side of (|4.8p we define further generating functions: 

n>2x=xi...x„eX'^'''>: 

C^'^>{X\z) := E E L^'^He,x\X)z^^='l 

n>l x=xi...XneX'-'^^: 

For e N, the coefficient of z'^ in d"^l^{\\z) is just Ylxi^S" L'^'^\e,x\\). Due to Equation 
(|4.7p we have 

4'^)(A|z) = 4'^-^(A|.).(l+ E A^'^(AI^)), 

iG2\{l} 

and hence the function £^'^-|^(A|2;) := 1 + '}2i(^x\{i} ^I'^H-^I-^) ™ust have the same radius of 
convergence as C'^'^\\\z)^ which is Moreover, we have the following relations: 

4'J(A|z) = l + 6Xi{\\z){l + C^'^>{\\z))+6'^>{\\z), 

C^Xi^Az) > C'^'^>{\\z)- Cf^^{\\z). 

Since C^fl -y{\\z) ^ C^'^^* {\\z) < d^fl{\\z), the function C^Sli has also radius of convergence 

Now we show that tends to z* as (i — t- oo. Since is strictly decreasing as d grows 
and due to 

lim L^'^\e,x\\) = L(e,x|A) = F(e,x|A) (4.9) 
we have Zoo = ^^'^'^d-^oo c — ■ Assume now for a moment that z* < z^o- Then 

J^i~{M Zoo) < oo: indeed, assume that limd^,,cf^+{X\zoo) = J-+(A| Zoo) — cx) for some 
j G I. Then we get the following contradiction: 



1 = hm > ■ > hm ) ' ' — > 1, (4.10) 

'^--^ l + +(A|z* J ^^oo^ i + ^W+(A|^^) 

since 4'^'*^(A|zoo)/(l + >Cj'^^^(A|zoo)) is arbitrarily close to 1 if d is large enough. Hence. 
J-^{X\zoo) < OO. Now Zoo > z* yields the following contradiction: 

1 = hm > t:;- ^ > hmsup > , , — = > ' , , ' > 1. 

'^-k^+^f^^m,c)~ '^^^ h^+^f^^(Mzoo) fei+-^^(Akcx.) 

which produces a contradiction. Thus, 

lim zl^ = z*. (4.11) 

a— >oo 



Let 2 < A; G N arbitrary, but fixed. Similar to |13) we define an embedded Galton-Watson 
process of the BRW on the free product For n € No, we define generations gen(n) 

5*^ and distinguished particles (^x associated to vertices x G gen(?7-) inductively as follows: 
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(1) gen(O) := {e} consists of one particle C,^, located at e. 

(2) y G 5'^^_|_j^j^ belongs to gen(n + 1) if and only if there exists a distinguished particle 

Cx ill gen(n) such that some of its offspring particles counted in Z^\y\x) has a 
trail which 

(a) remains in the set 

T{x) := {y gT \ y has the form xwi . . .Wg with ^ Ti, s > 1} U {x}, 

(b) hits the set {w £ Af^'^) | l{w) = (n + l)k} first at y. 

(3) The first particle hitting y G S^^j^-^^-^j^ becomes the distinguished particle (^y. 

Let (pn denote the number of particles in generation n. Since we have the same offspring 
distribution at every x £ S**^, (0n)n>o defines a Galton- Watson process with mean M^^k- 



Corollary 4.13. 



limsupM^'^^ — — 



Proof. The claim follows directly with Lemma |4 . 1 2 1 since M^^k = X^^g^* P[-E^'^H^)]- ^ 

Applying Hawkes' Theorem as in Corollary 7 in |13) together with Equation (|4.1ip yields 
the following Corollary. 

Corollary 4.14. HD(AnOoo) > 

Proof of Theorem 15'. 5[ The following chains of inequalities summarize the previous results 
and finish the proof of the theorem: 

< HD(A) < BD(A) < BD(A) < 
< HD(A n Q^) < BD(A n Qoo) < BD(A n J^oo) < BD(A) < 

□ 

Proof of CoroUarv \3. 71 It is well-known that the Hausdorff dimension of a countable union 
IJj Bi of sets Bi n equals the supremum of the Hausdorff dimensions of the single sets 
Bi. Thus, 

HD(A n J^i) = sup HD(A n xQ^^) < sup BD(A n xnf^). 

(x) 

For arbitrary, but fixed x £ F with t{x) ^ i, denote by Tim the vertices y € xTi with 
l{y) = l{x) + m, which are visited by the branching random walk. Therefore, 

ml:^\< E F{e,xy\X)=F{e,x\X) Yl ^(^'^l^)- 

Define 

m>l y^Ti:l{y)=m 
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The radius of convergence of J~^iiM^) obviously R{J-^). Therefore, Lemma 14.71 vields 

hm sup^_^Q(3 {Elni^^iy^"" < l/R{T^) < l/z*. The rest follows analogously to the proofs 
of Lemma 14.81 and Proposition 14.91 □ 

4.3. Proof of Theorem 13.81 and Corollary 13.91 In order to prove Theorem 13.81 we 
can follow the argumentation of the proof of Theorem 13.51 For this purpose, we define for 
m gN and i £ I 

Si{m) := \{x £ Ti \ l{x) = m}|, S{m) := \{x G T | l{x) = m}\, 

5('0(rn) := \{x = xi . . . Xn £ S{m) | n G N, Xi G Ti}\. 

To cover il. by balls of radius a™ we need at least S{m — 1) balls: indeed, for all x,y £T, 
X ^ y, with l{x) = l(y) = m — 1 we can choose £ \ r^(^) and Vy £ \ r^(j^); 
then all balls of the form B{uJi,a'^) and B[u2,a'^), where xVx lies in the wi-component 
of ^ \ -Bm-i and yVy in the W2-component, do not intersect. Apparently, we need at most 
S{m) balls of radius a"^ to cover Q. Obviously, the same holds for covering iloo- We are 
now interested in the behaviour of S{m)^/"^ as m — t- oo. We define 

S+iz) := ^5,(m)z-, := J] 5«(m) z™, 

m>l m>l 



S{z) := J^5(m)z- = l + j;5«(z). 



m>0 ieX 

Analogously to the computations in Section [4.2.11 - we just replace the functions J^^{X\z), 
J^i{X\z) and J^{X\z) by the functions S^{z), Si{z) and S{z) - we get 

Lemma 4.15. 

lim 5(m)^/™ = ^ < 1, 



where Zg is the smallest positive real number with 



Proof. Obviously, R{S) < R{J') < 1 since ^(e, x|A) < 1 for all x G F \ {e}. The equation 
R{S) = z^ follows now analogously to the proof of Lemma 14.71 This yields 

limsupS(m)i/- = ^ = -i->L 
m— i>oo Zg Jri[(S> ) 

Thus, it is sufficient to prove convergence of S{my/"^ as m — >■ oo. By transitivity of F, we 
have S{m)S{n) > S{m+n) for all m,n G N. Therefore, log5'(m)+log5(n) > log 5(?n+n), 
that is, (logS'(m))^gpj forms a subadditive sequence. By Fekete's Lemma, ;^logS'(m) = 
log5(m)^/™ converges to some constant s, that is, S'(m)^/™ converges to e*, which must 
equal l/z^. □ 
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Remark 4.16. One can show analogously to Lemma 4- 7 that < R{S^), where R{S^) 



is the radius of convergence ofS^{z). In particular, Zg is the radius of convergence ofS{z). 

We can conclude by giving a formula for BD(r2) and observing that the box-counting 
dimension of results from the dimension of f^oo- 



Proposition 4.17. 

BD(0) = BD(^^oo) 



log 4 
log a 



Proof. Recall the remarks at the beginning of this section concerning the minimal and 
maximal number of balls needed to cover ^oo- This yields 

BD(Q) > BD(l]oo)>liminf-^°^'^^"'~^^ 



log a™- 

m^co logo: m logo; 



, log5(m- llVC'"-!) m- 1 logz^ 
lim inr ^ = — . 



Analogously, 



log S{m) _ _ log _ log 4 



BD(rioo) < BD(0) < lim sup ^ ^ ' = lim sup 

m^oo logo™ m-^oo log a log « 

Both inequality chains together yield the formula for the box-counting dimension. □ 
Finally, we can prove the formula for the Hausdorff dimensions of VL and VL^. 
Proof of Theorem 1X51 It is sufficient to show that HD($7oo) > TJ^- Define for d, G N 



and i S X 








Sf^\k) = 


|{xGA'f)\{t}|/(x) = A;}|, SW(A;) 


= |{xG A'('^)\{t} 1 l{x) 


Sf\k) = 


\{xi . . . 


X, G 1 s G N,/(x) = 


k,xi G r,/} , 


S^^}{k) = 


\{xi... 


XsGA'('^'\{t}|sGN,/(x) = 


k,xi ^ Ti}\, 


s^tii'') = 


\{xi... 


Xs G 1 s G N,/(x) = 


k,xi,Xs ^ ri}|, 


S%{k) = 


\{xi... 


Xs G A'^'^) \{t} 1 s G N,/(x) = 


k,xi ^ Ti,Xs G ri}|. 


The associated ^ 


^eneratin 


g functions are given by 








k>l 


= Y.S^'\k)z\ 

k>0 




Sf\z) 


k>l 


k>l 


s 




= E^^ti(^)-'' S%{z) = Y^S%{k)z^ 

k>l k>l 
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Once again we can write 



and obtain 

^+(z) < S%{z) = Si^iiz) - Sl^l^.iz). 
Thus, S^^-^{z) and S^i{z) have the same radius of convergence. Moreover, 



5f < S[^>{z) = S^''\z) - S'f^z) - 1. 

5' 



That is, s[^^ -^^{z) and S^'^\z) have the same radius of convergence, which is given by z^ 
the smallest positive solution satisfying 

Since ^ is strictly decreasing as (i — )■ oo we have that lim^^oo -2^ 5 = z"^- This can be seen 
by contradiction. Indeed, if lim^^oo-Zd^ = -2^5 > Zg then < 00 for all i G X 

(this is proven analogously as explained in Equation (|4.10p ) and therefore 

1 = Imi > 7-7-; > lim > 7-7- = > — j— > 1, 

a contradiction. Thus, 



We can embed a "deterministic" Galton- Watson tree into the free product analogously to 
Subsection 14.2.21 where each generation has exactly S^i^i^k) descendants. By Hawkes's 
Theorem, the Hausdorff dimension of the boundary of the embedded tree is bounded from 
below by log zjj 5/ log a, and therefore HD(r2oo) > log ^^5/ log a. □ 

Proof of Corollary \3.y[ Analogously to the proof of Corollarv 13.71 and by Remark I4.16| we 
can use the property HD(Uji?j) = supjHD(i?j) for all countable unions of sets C in 
order to show that 

HD(Oi) = sup HD(2;J7f ^) < BD(of ^) < BD(^^oo) = HD(17oo). 

□ 

4.4. Proof of Theorem [SlIOl 

Proof of Theorem \3.10\ (1). In the following we write z* = z*{\) in order to distinguish 
the solutions of (13. ip for different values of A. Note that 2;*(Ai) > z*{\2) if Ai < A2- This 
implies the strictly increasing behaviour of ^ in the interval (1,-R]. Recall that the BRW 
does almost surely not survive in the limit case A = 1, yielding $(1) = 0. Moreover, if 
A > i? then the BRW is recurrent and thus HD(A) = HD(J7). □ 
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The proof of Theorem I3.1UI (2) sphts up into the following two lemmas: 

Lemma 4.18. $ is continuous in [l,oo) \ {R} and continuous from the left at \ = R. 

Proof. In order to prove continuity of it is sufficient to prove continuity of the mapping 
A I— 7- 2* = z*{X). First, we prove continuity from the left at Aq G (1, oo). For this purpose, let 
(A„)„gM be a sequence of strictly increasing real numbers with A„ < Aq and lim„_j.oo A„ = 
Aq. We use a proof by contradiction. Assume zq := lining co z* (Xn) > ■z*(Ao) (by simple 
domination arguments, z*{Xn) can not be less than 2:*(Ao))- We have that z*{Xn) is strictly 
decreasing and 

T+{Xn\z*{Xo)) +C^W{zo-Z*{Xo)) < T+ {Xn\zo) < OO. 

Here we used the fact that the coefficient of z in Tl^[X\z) is at least We set c := 

Ul){zo-z*{Xo)). Since /(x)/(l + /(x)) is strictly increasing in [1, oo) if /(x) is a strictly 
increasing function on [l,oo) we get the following contradiction: 

1 = lim y 





|^*(An)) 




k*(An)) 



> 



> 



-^i^ (An 1 2:0) 



lim sup ^ _^ " 

lim sup - 



-^^(Anl 


\z*iXo))+c 


l+-^^(An| 


\z*{Xo))+c 





\z*iXo))+c 


i + j;+(Ao| 


\z*{Xo))+c 



> 



Si 



-^^(Aol 


k*(Ao)) 


i + j;+(Ao| 


k*(Ao)) 



Thus, lim„_^oo 2*(An) = z*{Xo)- 

Since HD(A) = HD(r2) for all A > i2, it remains to prove continuity from the right for 
Aq € (l)-R)- We make a case distinction whether '^j(Ao) < 1 or not. If ^i(Ao) < 1 then 
J^^{Xo + 6\l) < 00 for all (5 > with Ci{^0 + ^) < 1 according to (|4.4p . Moreover, z*{Xq) < 1. 
Therefore, continuity from the right follows directly from the Implicit Function Theorem, 
since z* = z*{X) is given by the equation 

^ -^+(AU*(A)) 
^l+J-+(A|z*(A))- 

We note that the derivative dJ-^ {X\z)/dz evaluated at z = z*{X) is positive and finite, 
since z*{X) is strictly smaller than the radius of convergence of J-^{X\z)] see Lemma 14.71 

Now we turn to the case ^j(Ao) > 1. Let {Xn)neN be a sequence of strictly decreasing real 
numbers with Aq < A„ < i? and lim„_>.oo A„, = Aq. Assume zq := lim„_i.oo •2*(An) < z*{Xq) 
(by simple domination arguments, z*(A„) can not be larger than z*{Xq)). Observe that 
z*{Xn) is strictly increasing. By (14. 6p . there is C := y/l + ^2(l)/(2|supp(^i)|) > 1 such 
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that Cz*{\n) < R{J^t) for all n e N. Choose C G (1,C) such that Czq < z*{\q) and 
choose € N large enough such that Cz*(A„) > zq for all n> N. Therefore, 





k*(A„)) 


l+Ft[\n\ 


|^*(An)) 





\Czq) 


l+-^i^(An| 


\Czo) 



-^+(Ao|C'^o) 



f^l + J^+{Xn\Czo) ^l + J-+(Ao|Czo) 
a contradiction. Consequently, lining ^ z* (Xn) = z*{Xq). 

It remains to prove continuity from the right at Aq = 1- In this case ^,,(1) < 1. Once again 
T^{Xo + 6\1) < oo for all 5 > with S,i{Xo + 6) < 1 according to (j44]) . Let (A„)„6n be a 
stricly decreasing sequence of real numbers with limit 1. We write zq = lim„__j.oo z*{Xn) < 1- 
Then, for n large enough. 



-7^^(An| 


N*(An)) 


l+-^^(An| 


k*(An)) 



< 



In order to finish the proof we verify that z*{l) = 1, from which zq = z*{l) = 1 follows. 
Indeed, by Equation (|4.4p we get 



From ini Lemma 5.1] follows that 1 — Gj(ei, ej|^i(l)) (l — ^j(l)) is just the probability that a 
single random walk on F tends to an infinite word of the form X1X2 • • • G ^00 with xi S , 
that is, the above sum equals 1. □ 



The next result completes the proof of Theorem 13.101 (2): 
Lemma 4.19. For all X G [1,R], HD(A) < iHD(J]). 



Proof. Define the function 



^(2)(A|z) :=^F(e,x|A)2z'(^), 
xer 
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whose radius of convergence is denoted by z^- The Cauchy-Schwarz Inequahty gives then 



1 / ■r-^ \ 1/"* 

— = hmsupf 2^ F{e,x\\) 



< hm sup 



. ^ \ l/m 

y ^ F{e,x\Xy] -hmsup 

_ ,, , ^ m— >-oo 

x£l ■.l(x)=m 



\ 



x&r:l{x)=m 



l/m 



^2 V % 



To prove the claim of the lemma it suffices (by the formulas given in Theorems 13.51 and 



ESj) to show that 4 > 1. First, 

^(2)(A|i) = J^F(e,x|A)2 = --l-^J]G(e,x|A)2 

zeP I'M 

^ ' ' ^ zeP n>0 

For given x € T, the coefficient of A" in the inner squared sum can - by symmetry - be 
rewritten as 



n 



G(e,e|A) 



x,e . 



(4.13) 



m=0 



Thus, every path [xq = e,xi, . . . ,Xn = e] of length n (consisting of n + 1 vertices) from e 
to e is counted n + 1 times, since every Xi can play the role of x in Equation (14.13p . That 
is, 



n>0 



G(e,e|A)2 G(e,e|A) 



From this follows ^2 > 1 whenever A < i? or G'{e,e\R) < oo, and thus HD(A) < |HD(n) 
for X < R. By Lemma I4.18| the proposed inequality holds - due to continuity from the left 
- also in the case X = R. □ 



In order to prove Theorem 13.101 (3) we start with the following lemma: 
Lemma 4.20. For all i G I, G[(^ei,ei\(,i{R)) < oo. 



Proof. From |25| Prop. 9.18] follows (,i{R) < Ri, where Ri is the radius of convergence 
of Gi{ei,ei\z). If ^i(iZ) < Ri then the claim of the lemma is obvious. Assume now that 
Ci{R) = Ri- Then, by [25] Lemma 17.1. (a)], RG{e,e\R) = RiGi{ei,ei\Ri) / ai. Therefore, 
Gi{ei, ei\Ri) < oo since G{e, e\R) < oo by non-amenability of P. If G^{ei, ei\Ri) = oo would 
hold, we would get a contradiction to £,i{R) = Ri by |25| Equ. (9.14), Thm. 9.22, Lemma 
17.1. (a)]. □ 
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Let US remark that i^-'(ej, = ej|^j(-R)) < oo for all x € ; this can be easily 

verified with the help of the inequality 

^(«+kl)(g.) > • P[yW = Ci, Vm < n : y« ^ e, | yj*^ = x] for all n € N, 

where (^i*'')^ is a random walk on Fj governed by ^j. We proceed now with expanding 
the Green function G{z) := G{e,e\z) in a neighbourhood of z = i?. By |25| Prop. 17.4] and 
in Sec. 3 & 4], we have 



G{z) 



fG{R)+gi-^/R^ + o{^/R^, if = oo, 

\GiR)-G'{R)-{R- z)+o{R- z), ifG'{R) < oo. 



We write in the following c := 1/2, if G'{R) = oo, and c := 1 otherwise. The next aim is 
to show that the functions F(e,x|z), x G F \ {e}, have the same expansions. 

Lemma 4.21. For all x & T \ {e}, there are constants /x 7^ such that 

F{e, x\z) = Fie, x\R) + fx ■ (R - zf + o((i? - zf) . 

Proof. We consider the case c = 1 first. By [U Lemma 3.2], we have < '^^(-R) < 00, that 
is, we can write 

Uz) = - ('iiR) ■{R-z) + o{R - z). 

In the following we write Fi{ei,x\z) = ^n>i fnix)z" for x G F^^. Therefore, 

F{e, x\z) = F, {e^xMz)) = /„(x) {Ci{R) - ^iiR) ■{R-z)+ o{R - z)^ . (4.14) 

n>l 

The coeffcient of [R — z) is given by 

-^R) • • /"(^) • ^^(RT~^ = -Ci{R)F:{e„xUR)) G (-00,0). 

n>l 

Recall that, for x = xi . . . x„ G F \ {e}, 

n 

F{e,Xi...Xn\z) = Y[FT{x,){erixj),Xj \^r(xj){z)). 

Now, plugging the expansion (|4.14p into the above formula gives us the coefficient of (R—z): 

n n 
fx = ^-C{x,)iR)Kixj){er{xj),Xj I Cr{xj){R)) ^r(xfe) (er(xfe) , ^Jfc | Cr{x,){R)) ^ ("00,0). 

i=l A;=l, 

This yields the claim in the case c = 1. 

We now turn to the case c = 1/2. By \25\ Equ. (9.20)], we have 

a^zG{z)=C^{z)G,{C,{z)). (4.15) 
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Write (,i{z) = £,i{R) + Xi{z) with Xi[R) = 0. Our aim is to show that Xi{z) is of order 
y/R — z, from which we can derive the proposed expansion of F{e,x\z). We rewrite (|4.15p 



as 



ai{R -{R- z)) ■ {G{R) + gWR-z + o{y/R-z)) 

n>0 

The constant term on the left hand side of the equation is ai RG{R), which equals the 
constant term on the right hand side ^i{R)Gi{£,i{R)) by (|4A5]) . The coefficient of ^R-z 
on the left hand side is aiRgi 7^ 0. The coefficient of Xi{z) on the right hand side is given 

by 

C^{R)G'i{e^,e^MR)) + Gi{ei,ei\UR)) G (0,oo). 
Thus, Xi{z) ~ ^/R — z as z ^ R, and therefore 

Fi{ei,x\az)) = /"(^) (^^(^) + • ^^^^ + - ^))" 

n>l 

for some < 0. The rest follows analogously to the case c = 1 by replacing (R — z) with 
^fR^z. □ 



Consider now the following difference for i £ I: 
^i{R\z*{R)) -T,{X\z*{X)) 



m>l x&Fi: 
l{x)=m 



Y,{z*{R)-{z*{R)-z*{x))y E [He,x\R) + UR-xy + o{{R-xy) 



m>l xGFi: 

\x\=m, 

E^*(^r E {-UR-xr-o{iR-xr)) 

m>l xSTii 
l{x)=m 

+ {z*{R)-z%X))^^T+{X\z*{R))+o{z*{R)-z*{X)). 



Moreover, 



^ ^ ^ T,{R\z*{R)) ^ 

f^l + T,{R\z*{R)) f^l + T,{X\z*{X)) 

^ — ^ » — ^ / \ n+l / \ n+1 

= EE(--^«(^I^*W)) ■ (4.16) 

i£l n>0 



Write 

n+l / , \ n+l 



T,{X\z*{X))y -(^-Ti{R\z*{R))y =(^Ti{R\z*{R))-T,{X\z*{X))ygn(.X), (4.17) 
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where gn{R) 7^ for every n € N. Plugging the decomposition of J^j (i2|2;*(i?)) — J^j(A|z*(A)) 
into (|4.16p and comparing all error terms yields in view of (|4.17p the following behaviour: 



z*{R)-z*i\) 



Ci-{R-X), ifG'(i?)<oo, 
C2 ■ y/R^, if G'{R) = 00 



for a suitable constant 6*1, C2 respectively. The statement (3) of Theorem 13. lOl follows now 
from 

logz*(A) - log z*{R) = log(l - - z*{X)) 

and by the Taylor expansion of log(l — x) at x = 0. 



4.5. Proof of Corollary 13.161 In a first step we show the following lemma: 
Lemma 4.22. 

i5^(A)<-^ and BB^'^m ' 



log Q 



log a 



Proof. First, we define the matrices Mq = (mo(i, j)) .^-gj ^^i^ Dq = (^do{i, j)) . j^j- by 
mo{i,j) :-- 



J"+(A), if i = j, ^ r ■\ J l^il - 1, if« = i, 

and do[i,j) := < 
otherwise, 0, 



0, 



otherwise. 



For m G N, denote by the random number of visited words of the form wi . . . Wm £ T- 
Then 



^'H^\ < ^ EZoo(x) < ^ F{e,x\X) = l^MoM"'~H and 

xen^^ xGr:||x||=m. 

S{m) = |{x G r| 11x11 = m}| = l^-Do-D™~^l. 
Let It S M'' be an eigenvector w.r.t. the eigenvalue 6 such that n > 1. Then: 



/ -^i(A) 



ym—l„ 



U. 



Thus, limsup^^oo (ET^fif)^/" < e. Similarily, one can show that limm-s-oo S{m 
by taking eigenvectors vi > 1 and 1^2 < 1- Analogously to the proofs of Lemma 14.81 and 
Propositions 14. 9( 14.171 we obtain the claim. □ 



l/m 



Proof of Corollarv \3.1(A First, we remark that we dropped the assumption on symmetry 
of the /Xj's in the case of free products of finite groups. This assumption is needed in the 
general case to ensure F(e,x|A) < 1. This inequality holds also in the present setting: by 
[25] Equation (9.20)], 

aizG{e,e\z) = Gi{ei,ei\ii{z))ii{z). 
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Since G{e,e\R) < oo and Gj(ej,ej|l) = oo, we must have ^i{R) < 1, and consequently, 

k k 

F{e,xi . . .Xfc|A) = n^T(2:i)(er(x,),a;ilCr{x,)(A)) < JJ (e^(^^), = 1. 



In order to show that — log 6 / log a is a lower bound for HD'^'XA), we can follow the 
reasoning in |13| Section 6] or also as in Section 14.2.21 Analogously to the proof of Theorem 
3 we obtain that HD'^''(J]) = BD'^'"(J]). □ 



4.6. Proof of Corollary 13.181 First, we prove the following lemma: 
Lemma 4.23. 

S5W(A)<_i^ and BD(^)(0) = -i^. 

log a log a 

Proof. First, we define the matrices A'o = {no{i, j)) ^ .^^ and Dq^h = {do,Hii, j)) ^ j^^ 

Mhj)--={' ^, . and (io,//(«,j) := < „ ^, . 

10, otherwise, 10, otherwise. 

( H) 

For m G N, we denote by Hm the set of words of the form gi . . . gmh € F in the sense of 
(j3.3p . Since every path from e to gi ... g^h £ F has to pass through points gi . . . gjhj S F, 
where hj € H with hm = h, we have 

m 

J2 FH{gi...gmh\z)= ^ ^ HFnigMz) = 1^ NqN"'-'!. 

Qi-'-Qmh^T gi...gm h£rhi,...,h 

m — 1 

Choose now an eigenvector v = {vi, . . . ,Vr)'^ > 1 w.r.t. the eigenvalue 9h of N. Then 

and therefore, limsup^^o^ El'H^^^I^/'" < Oh- Furthermore, we remark that S'//(m) = 
. . . Xm I Xi G UjeX^J \ ^ ^ ^i+i ^ ^an be written as 

SH{m) = l^Do^HD'g-H. 

Taking eigenvectors f i > 1 and f 2 < 1 w.r.t. qh leads to limm-j.00 = ^'H- The 

same reasoning as used in the proofs of Lemma 14.81 and Propositions I4.9|4.17l yields the 
proposed claim. □ 

Proof of Corollarv \3.18[ It is sufficient to show that — log ^/// logo is also a lower bound 
for HD(^)(A). First, we remark that for m G N 

,51 • ■■9mh\X) 
J2 FH{gi---gmho\X)F{e,hQ'h\X). 

gi...gmher:gi^ni hoGH 
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Since \H\ < oo, there are constants d,D>0 such that d < F{e, h\X) < D for all h € H. 
We write Iq := (0, 1, ... , 1)'^ e and get: 

( Yl EZoo(5i...5m/i))'^" < (i^.lJiVoiV— il)'^"^^^^, and 

gi...gmher:gifTll 
gi.-.gmher-.gi^Tli 

This can be easily verified by substituting 1 by an eigenvector vi > 1l oi 9h, by an 
eigenvector < 1 of 9h respectively. With the help of this convergence behaviour and 
the last lemma, we can prove once again analogously to the reasoning in |13| Section 6] 
or Section 14.2.21 that the upper bounds in Lemma 14.231 equal the Hausdorff and the Box- 
Counting dimensions. Analogously to the proof of Theorem 13. 8 1 we obtain that HD'-^^(il) = 
BD(^)(!^). □ 
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